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Abstract :
The idea of difference sequence spaces was introduced by kizmaz [4], and this concept

was generalized by Malkowsky [8]. Recently, Asma [1] defined the sequence spaces  as

ܿ଴(ݑ , ∆ , , ܯ , (݌ , ݑ)ܿ ∆ , , ܯ and ,(݌ ݈ஶ(ݑ , ∆ , , ܯ (݌

Throughout this study ߱ is  a  family  of  all  ℂଶ double sequence (i.e. ݔ = ௞,௟ andݔ ݕ = ௞,௟  areݕ

complex double sequence ), ,denote the family of all ℂ double sequences , and  2݈ஶ ݓ 2ܿ and 2 °ܿ

be the linear spaces of bounded, convergent, and null sequences with complex terms,

respectively, normed by

,ݔ)‖ ‖(ݕ = ,௞,௟หݔ௞,௟൫ห݌ݑݏ หݕ௞,௟ห൯

Where ‖ݔ‖ = ,௞,௟หݔ௞,௟ห݌ݑݏ ‖ݕ‖ = , ௞,௟หݕ௞,௟ห݌ݑݏ ݇, ݈ ∈ ℕ, the set of positive integers .
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Definition and notation :

In  this  work   we  define  the  double   sequence  spaces  2ܿ଴ ൫∆௨
௡ , ௞,௟ܯ , ,݌ ൯, 2ܿݏ ൫∆௨

௡, ௞,௟ܯ , ,݌ ൯ andݏ

2݈ஶ(∆௨
௡, ௞,௟ܯ , ,݌ where , (ݏ ,ݔ)ܯ (ݕ = ൫ܯଵ(ݔ), ൯(ݕ)ଶܯ = ቀܯଵೖ,೗

,(ݔ) ଶೖ,೗ܯ
ቁ(ݕ) = ௞,௟ܯ ,ݔ) where  (ݕ

ଵܯ = ଵೖ,೗ܯ , ଶܯ = ଶೖ,೗ andܯ ܯ = ௞,௟ are  a double sequences an Orlicz function, and examineܯ

some inclusion relation and properties of these spaces which will give as a special case the

spaces ܿ଴ ,ݑ) ∆, ,ܯ ,(݌ ܿ ,ݑ) ∆, ,ܯ and (݌ ݈ஶ(ݑ, ∆, ,ܯ .[  ] of Asma (݌

The convergence of double sequence we mean the convergence on the Pringsheim sense

that is,

Definition. A double sequence ݔ = ௞,௟ݔ , ݕ = ௞,௟ݕ   has  Pringsheim limit ℓଵ , ℓଶ  denoted  by ݌)  −

lim ݔ = ℓଵ , ݌ − lim ݕ = ℓଶ) provided that given ߳ > 0 there exists ܰ ∈ ℕ such that หݔ௞,௟ − ℓଵห <

߳ , หݕ௞,௟ − ℓଶห < ߳ implies that ห൫ݔ௞,௟ − ℓଵ , ௞,௟ݕ − ℓଶ൯ห < (߳, ߳)  whenever ݇, ݈ > ܰ.  We  shall

describe such an ݔ = ௞,௟ݔ  , ݕ = ܲ” ௞,௟ more briefly asݕ −convergent”. We shall denote the space of

all ܲ −convergent sequences by 2ܿ .
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Defintion. The double sequence ݔ ௞,௟ݔ = , ݕ  = ௞,௟ is bounded if and only if there exists a positiveݕ

number ܯ such that ௞,௟ݔ < , ܯ ௞,௟ݕ < we  ܯ  have ൫ݔ௞,௟ , ௞,௟൯ݕ < ,ܯ) for (ܯ  all ݇, ݈,  i.e.  if ஶ‖ݔ‖ =

, ௞,௟หݔ௞,௟ห݌ݑݏ ஶ‖ݕ‖ = ௞,௟ݕ௞,௟ห݌ݑݏ ห implies that ,ݔ)‖ (ஶ,ஶ)‖(ݕ = ,௞,௟หݔ௞,௟൫ห݌ݑݏ หݕ௞,௟ห൯ We  shall  denote

all bounded double sequences by 2݈ஶ .

Definition. A double sequence ݔ ௞,௟ݔ = , ݕ  = ௞,௟ݕ are said to be Cauchy sequence if for every ߳ >

0ther exist ܰ ∈ ℕ such that หݔ௜,௝ − ௞,௟หݔ < ߳ , หݕ௜,௝ − ௞,௟หݕ < ߳, impels thatห൫ݔ௜,௝ − ௞,௟ݔ , ௜,௝ݕ − ௞,௟൯หݕ

 < (߳ , ߳).

For any double sequence ݔ = ௞,௟ݔ , ݕ = ௞,௟ such thatݕ ,ݔ) (ݕ = ൫ݔ௞,௟ , ௞,௟൯ the difference of aݕ

double sequence ,ݔ∆) (ݕ∆  is define by

,ݔ∆) (ݕ∆ = ቀ∆ݔ ௞,௟ , ݕ∆ ௞,௟ቁ
௞,௟ୀଵ

ஶ
= ൫ݔ௞,௟ − ௞,௟ାଵݔ − ௞ାଵ,௟ݔ + , ௞ାଵ,௟ାଵݔ ௞,௟ݕ − ௞,௟ାଵݕ − ௞ାଵ,௟ݕ +

௞ାଵ,௟ାଵ൯ݕ
௞,௟ୀଵ

ஶ

ݔ∆ = ቀ∆ݔ ௞,௟ቁ
௞,௟ୀଵ

ஶ
= ൫ݔ௞,௟ − ௞,௟ାଵݔ − ௞ାଵ,௟ݔ + ௞ାଵ,௟ାଵ൯ݔ

௞,௟ୀଵ

ஶ
 ,

ݕ∆ = ቀ∆ݕ ௞,௟ቁ
௞,௟ୀଵ

ஶ
= ൫ ݕ௞,௟ − ௞,௟ାଵݕ − ௞ାଵ,௟ݕ + ௞ାଵ,௟ାଵ൯ݕ

௞,௟ୀଵ

ஶ

According  to  kizmaz sense  we  define  the double sequence  spaces as follows :

2݈ஶ(∆) = ,ݔ)} (ݕ ∈ ߱ ∶ ݔ∆) , (ݕ∆ ∈ 2݈ஶ}

2ܿ (∆) = ,ݔ)} (ݕ ∈ ߱ ∶ ݔ∆) , (ݕ∆ ∈ 2ܿ}

2ܿ଴(∆) = ,ݔ)} (ݕ ∈ ߱ ∶ ݔ∆) , (ݕ∆ ∈ 2ܿ଴}

where 2݈ஶ(∆) = ൫݈ஶ(∆ݔ), ݈ஶ(∆ݕ)൯, 2 ܿ(∆) = ൫ܿ ,(ݔ∆) ܿ , ൯(ݕ∆) 2ܿ଴(∆) = ൫ܿ଴(∆ݔ), ܿ଴(∆ݕ)൯

Let ܷ be the set of all double sequence ݑ = ௞,௟ݑ such that  ݑ௞,௟ ≠ 0  (݇ = 1, 2, … ) , ( ݈ = 1,2, … )

We define a double sequence  spaces in Malkowsky  sense as follows:

2݈ஶ(ݑ, ∆) = ,ݔ)} (ݕ ∈ ߱ ∶ ݔ∆) , (ݕ∆ ∈ 2݈ஶ}

2ܿ ,ݑ) ∆) = ,ݔ)} (ݕ ∈ ߱ ∶ ݔ∆) , (ݕ∆ ∈ 2ܿ}

2ܿ଴(ݑ, ∆) = ,ݔ)} (ݕ ∈ ߱ ∶ ݔ∆) , (ݕ∆ ∈ 2ܿ଴}

where 2݈ஶ(ݑ, ∆) = ൫݈ஶ(ݑ, ,(ݔ∆ ݈ஶ(ݑ , ,൯(ݕ∆ 2ܿ(∆) = ൫ܿ , ݑ) ,(ݔ∆ ܿ ,ݑ) ൯(ݕ∆

, 2ܿ଴(∆) = ൫ܿ଴(ݑ, ,(ݔ∆ ܿ଴(ݑ, ൯(ݕ∆

Definition : A double Orlicz function is a function
:ܯ [0, ∞) × [0, ∞) → [0, ∞)  × [0, ∞) such that
,ݔ)ܯ (ݕ = ൫ܯଵ(ݔ), ൯(ݕ)ଶܯ
,ଵ: [0ܯ ∞) → [0, ∞)
,ଶ: [0ܯ ∞) → [0, ∞) , where ,ଵܯ ଶ are Orlicz  functionsܯ
which is continuous, non-decreasing ,even , convex and satisfies the following conditions
i) (0,0)ܯ = (0,0)
ii)ܯଵ(ݔ) >  0, (ݕ)ଶܯ >  0 ⟹ ,ݔ)ܯ (ݕ = ൫ܯଵ(ݔ), ൯(ݕ)ଶܯ > (0,0) for < ݔ 0, ݕ > 0 we  mean  by
,ݔ)ܯ (ݕ > (0,0) that (ݔ)ଵܯ >  0, (ݕ)ଶܯ > 0
 ii) (ݔ)ଵܯ →  0, (ݕ)ଶܯ →  0 as → ݔ ∞, → ݕ ∞, then ,ݔ)ܯ → (ݕ  ∞

Definition  : An Orlicz function ܯ is said to satisfy the ∆ଶ − condition for all values of if there exist ߜ
a constant such that 0 < ܭ

( ߜ 2 )ܯ ≤ ≤ ߜ   .   ( ߜ ) ܯ ܭ   0
  equivalently,
≥ (ߜ ℎ )ܯ for every values of(ߜ )ܯ ℎ ܭ  and for ߜ δ >  1
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Now ,we use the idea of Orlicz function to define what is  called an Orlicz double sequence  space,

by means of Lindenstrauss and Tzafriri  sense as follows :

2݈ெ = ቄ(ݔ, (ݕ ∈ ߱ ∶ ∑ ∑ ቂܯଵ ቀห௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห௬ೖ,೗ห

ఘ
ቁቃஶ

௟ୀଵ
ஶ
௞ ୀଵ < ∞, ݎ݋݂ ݉݋ݏ ߩ > 0ቅ

where 2݈ெ = ൫݈ெభ , ݈ெమ ൯ Such that

݈ெభ = ቄݔ ∈ ݓ ∶ ∑ ∑ ଵܯ ቀห௫ೖ,೗ห

ఘ
ቁஶ

௟ୀଵ
ஶ
௞ ୀଵ < ∞, ݎ݋݂ ݉݋ݏ ߩ > 0ቅ

and

݈ெమ = ቄݕ ∈ ݓ ∶ ∑ ∑ ଶܯ ቀห௬ೖ,೗ห

ఘ
ቁஶ

௟ୀଵ
ஶ
௞ ୀଵ < ∞, ݎ݋݂ ݉݋ݏ ߩ > 0ቅ

which is a Banach space with the norm :

∥ ,ݔ) (ݕ ∥ ெ= inf ቄ < ߩ 0 ∶ ∑ ∑ ݌ݑݏ ቂܯଵ ቀห௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห௬ೖ,೗ห

ఘ
ቁቃஶ

௟ୀଵ
ஶ
௞ ୀଵ ≤ 1ቅ

where

∥ ݔ ∥ ெభ
= inf ቄ < ߩ 0 ∶ ∑ ∑ ଵܯ ቀห௫ೖ,೗ห

ఘ
ቁஶ

௟ୀଵ
ஶ
௞ ୀଵ ≤ 1ቅ

∥ ݕ ∥ ெమ
= inf ቄ < ߩ 0 ∶ ∑ ∑ ଶܯ ቀห௬ೖ,೗ห

ఘ
ቁஶ

௟ୀଵ
ஶ
௞ ୀଵ ≤ 1ቅ .

According to the concept of Mursuleen et al [ ],we can define The double sequence spaces as

follows :

2 ݈ஶ(Δ, (ܯ = ቄ ,ݔ) (ݕ ∈ ߱ ∶ ௞,௟݌ݑݏ ቂܯଵ ቀห௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห௬ೖ,೗ห

ఘ
ቁቃ < ∞, for some < ߩ 0ቅ,

2ܿ (Δ, (ܯ = ቄ(ݔ, (ݕ ∈ ߱: lim
௞,௟→ஶ

ቂܯଵ ቀห∆௫ೖ,೗ିℓభห

ఘ
ቁ ∨ ଶܯ ቀห∆௬ೖ,೗ିℓమห

ఘ
ቁቃ = 0, for some < ߩ 0  , ℓଵ, ℓଶ ∈ ℂቅ ,

and

2ܿ௢(Δ, (ܯ   = ቄ(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

ቂܯଵ ቀห∆௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห∆௬ೖ,೗ห

ఘ
ቁቃ = 0, for some ߩ > 0ቅ ,

where ܯ = ൫ܯଵ(ݔ), ൯(ݕ)ଶܯ is an Orlicz function, and we show that these spaces are Banach

spaces with the norm

∥ ,ݔ) (ݕ ∥∆  = ݂݅݊ ቄ < ߩ 0 ∶ ௞,௟݌ݑݏ ቂܯଵ ቀห∆௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห∆௬ೖ,೗ห

ఘ
ቁቃ ≤ 1ቅ

∥ ݔ ∥∆ = ݂݅݊ ቄ < ߩ 0 ∶ ଵܯ௞,௟݌ݑݏ ቀห∆௫ೖ,೗ห

ఘ
ቁ ≤ 1ቅ

∥ ݕ ∥∆ = ݂݅݊ ቄ < ߩ 0 ∶ ଶܯ௞,௟݌ݑݏ ቀห∆௬ೖ,೗ห

ఘ
ቁ ≤ 1ቅ

In Asma sense , also  we can define and study the double sequence spaces as follows :

2݈ஶ(ݑ, ∆, (ܯ  = ቄ(ݔ, (ݕ ∈ ߱ ∶ ௞,௟݌ݑݏ ቂܯଵ ቀห௨ೖ,೗ ∆௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห௨ೖ,೗ ∆௬ೖ,೗ห

ఘ
ቁቃ < ∞ , for some 0 < ߩ ቅ,

,ݑ)2ܿ ∆ , (ܯ = ቄ(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

ቂܯଵ ቀห௨ೖ,೗  ∆௫ೖ,೗ିℓభห

ఘ
ቁ ∨ ଶܯ ቀห௨ೖ,೗ ∆௬ೖ,೗ିℓమห

ఘ
ቁቃ = 0, for some < ߩ

 0, ℓଵ, ℓଶ ∈ ℂ ቅ ,
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2ܿ଴(ݑ, ∆, (ܯ = ቄ ,ݔ) (ݕ ∈ ߱ ∶ lim
௞,௟→ஶ

ቂܯଵ ቀห௨ೖ,೗ ∆௫ೖ,೗ห

ఘ
ቁ ∨ ଶܯ ቀห௨ೖ,೗ ∆௬ೖ,೗ห

ఘ
ቁቃ = 0, for some ߩ > 0ቅ .

In this study we further generalize these spaces as follows :

Let ଵܯ = ଵೖ,೗ܯ
, ଶܯ = ଶೖ,೗ܯ

 and ܯ = ௞,௟ܯ = ൫ܯଵೖ,೗
, ଶೖ,೗ܯ

൯ be a double  sequence of Orlicz

functions and ݊ be a positive integer, so, we use the notation ∆௨
௡ݔ௞,௟ for ௞,௟ , ∆௨ݔ௞,௟∆௡ݑ

௡ݕ௞,௟  for

௞,௟such thatݕ௞,௟∆௡ݑ ൫∆௨
௡ݔ௞,௟ , ∆௨

௡ݕ௞,௟൯ for ൫ݑ௞,௟∆௡ݔ௞,௟  , ௞,௟൯ ,we defineݕ௞,௟∆௡ݑ

2ܿ଴൫∆௨
௡, ௞,௟ܯ  , s ൯ = ቄ(ݔ, (ݕ ∈ ߱ ∶ lim

୩,୪→ஶ
(݈݇)ି௦ ቂܯଵೖ,೗

ቀ
|∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ = 0, for some ߩ >

0 , ݏ ≥ 0ቅ,

2ܿ ൫∆௨
௡ , ௞,௟ܯ  , s൯ = ቄ(ݔ, (ݕ ∈ ω ∶ lim

௞,௟→ஶ
(݈݇)ି௦ ቂܯଵೖ,೗

ቀ|∆ೠ
೙௫ೖ,೗ିℓభห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห ∆ೠ
೙௬ೖ,೗ିℓమห

ఘ
ቁቃ = 0,

for some ߩ > 0, ℓଵ , ℓଶ ∈ ℂ , ݏ ≥ 0ቅ ,

and

2݈ஶ൫∆௨
௡ , ௞,௟ܯ , s൯ = ቄ ,ݔ) (ݕ ∈ ߱ ∶ ௞,௟݌ݑݏ  (݈݇)ି௦ ቂܯଵೖ,೗

ቀ|∆ೠ
೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ < ∞,

for some ߩ > 0 , ݏ ≥ 0ቅ .

where

∆௨
௡ݔ௞,௟ = ∆௨

௡ିଵݔ௞,௟ − ∆௨
௡ିଵݔ௞,௟ାଵ − ∆௨

௡ିଵݔ௞ାଵ,௟ + ∆௨
௡ିଵݔ௞ାଵ,௟ାଵ  , and

∆௨
௡ݕ௞,௟ = ∆௨

௡ିଵݕ௞,௟ − ∆௨
௡ିଵݕ௞,௟ାଵ − ∆௨

௡ିଵݕ௞ାଵ,௟ + ∆௨
௡ିଵݕ௞ାଵ,௟ାଵ

We have ൫∆௨
௡ݔ௞,௟ , ∆௨

௡ݕ௞,௟൯ = ൫∆௨
௡ିଵݔ௞,௟ − ∆௨

௡ିଵݔ௞,௟ାଵ − ∆௨
௡ିଵݔ௞ାଵ,௟ + ∆௨

௡ିଵݔ௞ାଵ,௟ାଵ , ∆௨
௡ିଵݕ௞,௟ −

∆௨
௡ିଵݕ௞,௟ାଵ − ∆௨

௡ିଵݕ௞ାଵ,௟ + ∆௨
௡ିଵݕ௞ାଵ,௟ାଵ൯

such that

∆௨
௡ݔ௞,௟ = ∑ ∑ (−1)௥భା௥మ௡

௥మୀ଴
௡
௥భୀ଴ ቀ ௡

௥భ
ቁ ቀ ௡

௥మ
ቁ ௞ା௥భ ,௟ା௥మݑ ௞ା௥భݔ ,௟ା௥మ   ,and

∆௨
௡ݕ௞,௟ = ∑ ∑ (−1)௥భା௥మ௡

௥మୀ଴
௡
௥భୀ଴ ቀ ௡

௥భ
ቁ ቀ ௡

௥మ
ቁ ௞ା௥భݑ ,௟ା௥మ ௞ା௥భݕ ,௟ା௥మ

We have ൫∆௨
௡ݔ௞,௟ , ∆௨

௡ݕ௞,௟ ൯ = (∑ ∑ (−1)௥భା௥మ௡
௥మୀ଴

௡
௥భୀ଴ ቀ௡

௥భ
ቁ ቀ ௡

௥మ
ቁ ௞ା௥భݑ  ,௟ା௥మݔ௞ା௥భ ,௟ା௥మ  ,

∑ ∑ (−1)௥భା௥మ௡
௥మୀ଴

௡
௥భୀ଴ ቀ ௡

௥భ
ቁ ቀ ௡

௥మ
ቁ ௞ା௥భݑ ,௟ା௥మ (௞ା௥భ,௟ା௥మݕ

∆௨
଴ ௞,௟ݔ = ௞,௟ , ∆௨ݔ௞,௟ݑ

଴ ௞,௟ݕ = ௞,௟ݕ௞,௟ݑ  ,

hence ൫∆௨
଴ ௞,௟ݔ , ∆௨

଴ ௞,௟൯ݕ = ൫ݑ௞ ,௟ݔ௞,௟ , ௞ݑ ,௟ ௞,௟൯ݕ

∆௨ݔ௞,௟ = ௞,௟ݔ௞,௟ݑ − ௞,௟ାଵݔ௞,௟ାଵݑ − ௞ାଵ,௟ݔ௞ାଵ,௟ݑ + ௞ାଵ,௟ାଵݔ௞ାଵ,௟ାଵݑ

and

∆௨ݕ௞,௟ = ௞,௟ݕ௞,௟ݑ − ௞ݑ ,௟ାଵݕ௞,௟ାଵ − ௞ାଵ,௟ݕ௞ାଵ,௟ݑ + ௞ାଵ,௟ାଵݕ௞ାଵ,௟ାଵݑ
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implies that

൫∆௨ݔ௞,௟ , ∆௨ݕ௞,௟൯ = ( ௞,௟ݔ௞,௟ݑ − ௞,௟ାଵݔ௞,௟ାଵݑ − ௞ାଵ,௟ݔ௞ାଵ,௟ݑ + , ௞ାଵ,௟ାଵݔ௞ାଵ,௟ାଵݑ ௞,௟ݕ௞,௟ݑ −

௞,௟ାଵݕ௞,௟ାଵݑ − ௞ାଵ,௟ݕ௞ାଵ,௟ݑ + (௞ାଵ,௟ାଵݕ௞ାଵ,௟ାଵݑ

If ଵೖ,೗ܯ  , ଶೖ,೗ܯ = , ଵܯ ଶܯ respectively   for all ݇, ݈ and ݏ = 0, ݊ = 1, then these spaces reduce  to

those of Asma sense [1]

Main results 2.2:

We prove the following theorems :

Theorem 2.1.2.1. 2݈ஶ(∆௨
௡  , ௞,௟ܯ  , s)  is a Banach space with the norm

,ݔ)‖ ೠ∆‖(ݕ
೙ = ݂݅݊ ቄ ߩ > 0: ௞,௟(݈݇)ି௦݌ݑݏ ቂܯଵೖ,೗

ቀห∆ೠ
೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁ ቃ ≤ 1ቅ.

where

ೠ∆‖ݔ‖
೙ = ݂݅݊ ቄ ߩ > 0 ∶ ଵೖ,೗ܯ௞,௟(݈݇)ି௦݌ݑݏ

ቀห∆ೠ
೙௫ೖ,೗ห

ఘ
ቁ ≤ 1ቅ

ೠ∆‖ݕ‖
೙ = ݂݅݊ ቄ ߩ > 0 ∶ ଶೖ,೗ܯ௞,௟(݈݇)ି௦݌ݑݏ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁ ≤ 1ቅ

Proof. Let ௜ݔ) , ௜) beݕ  any  double  Cauchy  sequence  in  2݈ஶ(∆௨
௡ , ௞,௟ܯ  , s) , such that ௜ andݔ ௜ beݕ  a

Cauchy sequence in ݈ஶ(∆௨
௡ , ଵೖ,೗ܯ

  , s) , ݈ஶ(∆௨
௡, ଶೖ,೗ܯ

 , s) respectively ,where

௜ݔ) , (௜ݕ = ௞,௟ݔ)
௜  , ௞,௟ݕ

௜ ) = ቀ൫ݔଵ,ଵ
௜ , ଵ,ଵݕ

௜ ൯ , ൫ݔଶ,ଶ
௜ , ଶ,ଶݕ

௜ ൯, … ቁ ∈ 2݈ஶ(∆௨
௡ , ௞,௟ܯ  , s)  ,  for  each ݅  ∈ ℕ  . Let

,ݎ , ଴ݔ ଴ݕ > 0  be  fixed,  Then  for  each ఢ
௥ ௫బ

> 0 , ఢ
௥ ௬బ

> 0 we have ቀ ఢ
௥ ௫బ

, ఢ
௥ ௬బ

ቁ > (0,0) there  exists  a

positive integers such that ܮ

௜ݔ − ௝ݔ
∆ೠ

೙  < ఢ
௥௫బ

 , ௜ݕ − ௝ݕ
∆ೠ

೙  < ఢ
௥௬బ

, we have

௜ݔ) − ௝∆௨ݔ
௡  , ௜ݕ − ௝∆௨ݕ

௡)  < ቀ ఢ
௥ ௫బ

 , ఢ
௥ ௬బ

ቁ for all ݅, ݆ ≥ .ܮ

Using the definition of norm , we have

݌ݑܵ
௞,௟

(݈݇)ି௦ ൥ܯଵೖ,೗
൭

ቚ∆ೠ
೙௫ೖ,೗

೔ ି ∆ೠ
೙௫ೖ,೗

ೕ ቚ

௫೔ି ௫
∆ೠ

೙
ೕ ൱ ∨ ଶೖ,೗ܯ

൭
ቚ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

௬೔ି ௬
∆ೠ

೙
ೕ ൱൩ ≤ 1, for all ݅, ݆ ≥ ܮ

Thus

(݈݇)ି௦ ൥ܯଵೖ,೗
൭

ቚ∆ೠ
೙௫ೖ,೗

೔ ି ∆ೠ
೙௫ೖ,೗

ೕ ቚ

௫೔ି ௫
∆ೠ

೙
ೕ ൱ ∨ ଶೖ,೗ܯ

൭
ቚ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

௬೔ି ௬
∆ೠ

೙
ೕ ൱൩ ≤ 1 ,  for  all ݇, ݈ ≥ 0, for all ݇, ݈ ≥ 0,  and for

all ݅, ݆ ≥ . ܮ

Therefore one can find that there exists ݎ > 0 with

 (݈݇)ି௦ ቂܯଵೖ,೗
ቀ௥ ௫బ

ଶ
ቁ ∨ ଶೖ,೗ܯ

ቀ ௥ ௬బ
ଶ

ቁቃ ≥ 1 ,  such that

(݈݇)ି௦ ൥ܯଵೖ,೗
൭

ቚ∆ೠ
೙௫ೖ,೗

೔ ି ∆ೠ
೙௫ೖ,೗

ೕ ቚ

௫೔ି ௫
∆ೠ

೙
ೕ ൱ ∨ ଶೖ,೗ܯ

൭
ቚ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

௬೔ି ௬
∆ೠ

೙
ೕ ൱൩ ≤ (݈݇)ି ௦ ቂܯଵೖ,೗

ቀ௥௫బ
ଶ

ቁ ∨ ଶೖ,೗ܯ
ቀ ௥௬బ

ଶ
ቁቃ.

This implies that

ห∆௨
௡ݔ௞,௟

௜ − ∆௨
௡ݔ௞,௟

௝ ห ≤ ௥ ௫బ
ଶ

 . ఢ
௥ ௫బ

= ఢ
ଶ
 , ห∆௨

௡ݕ௞,௟
௜ −  ∆௨

௡ݕ௞,௟
௝ ห ≤ ௥ ௬బ

ଶ
. ఢ

௥௬బ
 = ఢ

ଶ
  we have

ห൫∆௨
௡ݔ௞,௟

௜ −  ∆௨
௡ݔ௞,௟

௝  , ∆௨
௡ݕ௞,௟

௜ − ∆௨
௡ݕ௞,௟

௝ ൯ห ≤ ቀ௥ ௫బ
ଶ

 . ఢ
௥ ௫బ

, ௥ ௬బ
ଶ

. ఢ
௥ ௬బ

ቁ = ቀఢ
ଶ

, ఢ
ଶ
ቁ
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Since ௞,௟ݑ ≠ 0   for  all ݇, ݈, we get that ห∆௡ݔ௞,௟
௜ −  ∆௡ݔ௞,௟

௝ ห ≤ ఢ
ଶ

ܽ݊݀ ห∆௡ݕ௞,௟
௜ −  ∆௡ݕ௞,௟

௝ ห  ≤ ఢ
ଶ
  we have

ห൫∆௡ݔ௞,௟
௜ −  ∆௡ݔ௞,௟

௝  , ௞,௟ݕ
௜ − ∆௡ݕ௞,௟

௝ ൯ห  ≤ ቀఢ
ଶ

 , ఢ
ଶ

ቁ, for all ݅, ݆ ≥ .ܮ  Hence  ∆௡ݔ௞,௟
௜  , ∆௡ݕ௞,௟

௜  is  a  Cauchy

sequence  in ℝ such that ൫∆௡ݔ௞,௟
௜  , ∆௡ݕ௞,௟

௜ ൯ is a double  Cauchy sequence in ℝ × ℝ    .

Therefore for each ߳ (0 < ߳ < 1), there exists a positive integer such that ܮ ห∆௡ݔ௞,௟
௜ − ∆௡ݔ௞,௟ ห <

߳  and ห∆௡ݕ௞,௟
௜ −  ∆௡ݕ௞,௟ห < ߳  we have ห൫∆௡ݔ௞,௟

௜ − ∆௡ݔ௞,௟ , ∆௡ݕ௞,௟
௜ − ∆௡ݕ௞,௟൯ ห < (߳ , ߳) for all ݅ ≥ .ܮ

Now, using the continuity of ଵೖ,೗ܯ , ଶೖ,೗ܯ   for each ݇, ݈ , we get that

݌ݑܵ
௞,௟ஹ௅

(݈݇)ି௦ ൥ܯଵೖ,೗
൭

ฬ∆ೠ
೙௫ೖ,೗

೔ ି ୪୧୫
ೕ→ಮ

∆ೠ
೙௫ೖ,೗

ೕ ฬ

ఘ
൱ ∨ ଶೖ,೗ܯ

൭
ฬ∆ೠ

೙௬ೖ,೗
೔ ି ୪୧୫

ೕ→ಮ
∆ೠ

೙௬ೖ,೗
ೕ ฬ

ఘ
൱൩ ≤ 1

Thus

݌ݑܵ
௞,௟ஹ௅

(݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ೖ,೗

೔ ି  ∆ೠ
೙௫ೖ,೗ቚ

ఘ
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ∆ೠ

೙௬ೖ,೗
೔ ି  ∆ೠ

೙௬ೖ,೗ቚ

ఘ
ቇ቉ ≤ 1

Taking  infimum of such s we have,ߩ

݂݅݊ ቊ ߩ > 0 ∶ ݌ݑܵ
௞,௟ஹ ௅

(݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ೖ,೗

೔ ି  ∆ೠ
೙௫ೖ,೗ቚ

ఘ
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ∆ೡ

೙௬ೖ,೗
೔ ି  ∆ೡ

೙௬ೖ,೗ቚ

௣
ቇ቉ ≤ 1ቋ ≤ ߳  for  all

݅ ≥ and ܮ ݆ → ∞

Since (ݔ௜ , (௜ݕ ∈ 2݈ஶ൫∆௨
௡  , ௞,௟ܯ  , s൯, and ଵೖ,೗ܯ , ଶೖ,೗ܯ be an Orlicz function ,then ௞,௟ܯ = ൫ܯଵೖ,೗ , ଶೖ,೗ܯ

൯

is an Orlicz function for each ݇, ݈ and there for continuous, we get that (ݔ, (ݕ ∈ 2݈ஶ(∆௨
௡  , ௞,௟ܯ , s) ◙

Theorem 2.1.2.2. Let ௞,௟ beܯ  a  double  sequence  of  Orlicz  functions  where ௞,௟ܯ = ൫ ଵೖ,೗ܯ , ଶೖ,೗ܯ
൯

which means that ଵೖ,೗ܯ , ଶೖ,೗ܯ  a double sequence of Orlicz function so ,it satisfies the

∆ଶ −condition  for each ݇, ݈ . Then

i) 2݈ஶ(∆௨
௡ , s) ⊂  2݈ஶ(∆௨

௡ , ௞,௟ܯ , (ݏ

ii) 2ܿ(∆௨
௡  , ⊃ (ݏ  2ܿ(∆௨

௡ , ௞,௟ܯ , (ݏ

iii) 2ܿ଴(∆௨
௡ , (ݏ  ⊂  2ܿ଴(∆௨

௡ , ௞,௟ܯ , (ݏ

Proof.  i)  Let ,ݔ)  (ݕ ∈  2݈ஶ(∆௨
௡ , Then ,(ݏ ห൫∆௨

௡ݔ௞,௟  , ∆௨
௡ݕ௞,௟൯ห ≤ , ଵܮ) ଶ)  such thatܮ ห∆௨

௡ݔ௞,௟ห ≤ ଵ andܮ

ห∆௨
௡ݕ௞,௟ห ≤ ଶ , for allܮ ݇, ݈ , and ,ଵܮ ଶ be  a positive integer .Thereforeܮ

(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ ≤ (݈݇)ି௦ ቂܯଵೖ,೗

ቀ௅భ
ఘ

ቁ ∨ ଶೖ,೗ܯ
ቀ ௅మ

ఘ
ቁቃ ≤

(݈݇)ି௦  . .ܭ ℎൣ ଵೖ,೗ܯ
(ଵܮ) ∨ ଶೖ,೗ܯ

൧ , for each(ଶܮ) ݇, ݈,

by the ∆ଶ −condition. Hence

௞,௟݌ݑݏ (݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ < ∞That is, 2݈ஶ (∆௨

௡ , s) ⊂  2݈ஶ(∆௨
௡ , ௞,௟ܯ , s) ◙

(ii) and (iii) can be proved in a similar way .

Theorem 2.1.2.3. Let ௞,௟ܯ  be a double sequence of Orlicz functions we have ଵೖ,೗ܯ , ଶೖ,೗ܯ be  a

double sequence of Orlicz function
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i) 2݈ஶ(∆௨
଴ , ௞,௟ܯ , (ݏ ⊂ 2݈ஶ(∆௨

௡, ௞,௟ܯ , ,(ݏ

ii) 2ܿ(∆௨
଴ , ௞,௟ܯ , (ݏ ⊂ 2ܿ(∆௨

௡ , ௞,௟ܯ , ,(ݏ

iii) 2ܿ଴(∆௨
଴ , ௞,௟ܯ , (ݏ ⊂ 2ܿ଴(∆௨

௡ , ௞,௟ܯ , .(ݏ

Proof :it is clear

2.3 Paranormed sequence spaces

Let ݌ = ௞,௟ be a double sequence of positive real numbers. Then we can define a double݌

sequence spaces in Mursaleen ,et al sense  [8] as the follows:

2݈ஶ(∆, ,ܯ (݌ = ൜(ݔ, (ݕ ∈ ߱ ∶ ݌ݑܵ ௞,௟ ൤ܯଵ ൬
ห∆ ௫ೖ,೗ห

ఘ
൰ ∨ ଶܯ ൬

ห∆ ௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
< ∞, ݎ݋݂ ݁݉݋ݏ < ߩ 0ൠ ,

2ܿ (∆, ,ܯ (݌ = ൜(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

൤ܯଵ ൬
ห∆ ௫ೖ,೗ିℓభห

ఘ
൰ ∨ ଶܯ ൬

ห∆ ௬ೖ,೗ିℓమห

ఘ
൰൨

௣ೖ,೗
= 0, ݎ݋݂ ݁݉݋ݏ < ߩ 0 , ℓଵ, ℓଶ ∈

ℂൠ,

And

2ܿ଴ (∆, ,ܯ (݌ = ൜(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

൤ܯଵ ൬
ห∆ ௫ೖ,೗ห

ఘ
൰ ∨ ଶܯ ൬

ห∆ ௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
= 0, ݎ݋݂ ݁݉݋ݏ < ߩ 0ൠ

Where is an Orlicz function such that ܯ ,ଵܯ ଶ is Orlicz function , we showed that these spacesܯ

are paranormed spaces with:

,ݔ)൫ܩ ൯(ݕ = inf ൝ߩ௣೘ ு⁄ > 0: ቈቈܵ݌ݑ ௞,௟ ൤ܯଵ ൬
ห∆ ௫ೖ,೗ห

ఘ
൰ ∨ ଶܯ ൬

ห∆ ௬ೖ,೗ห

ఘ
൰൨቉

௣ೖ,೗
቉

ଵ ு⁄

≤ 1ൡ ,

such that

(ݔ)ܩ = inf ቊߩ௣೘/ಹ > 0: ൤൤ܵ݌ݑ ௞,௟ ଵܯ ൬
ห∆ ௫ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
൨

ଵ ு⁄

≤ 1ቋ

(ݕ)ܩ = inf ቊߩ௣೘/ಹ > 0: ൤൤ܵ݌ݑ ௞,௟ ଶܯ ൬
ห∆ ௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
൨

ଵ ு⁄

≤ 1ቋ

where ܪ = max ൫1, .௞,௟൯݌௞,௟݌ݑݏ

Let ܷ be the set of all double sequence spaces = ݑ ௞,௟ݑ , such that ௞,௟ݑ ≠ 0  (݇ =

1, 2, … )  , ( ݈ = 1,2, … )

The double sequence spaces in Asma and Colak sense  we can defined

2݈ஶ(ݑ, ∆, (݌  = ൛(ݔ, (ݕ ∈ ߱ ∶ ൫ݑ௞,௟∆ݔ௞,௟ , ௞,௟൯ݕ∆௞,௟ݑ ∈ 2݈ஶ(݌)ൟ

,ݑ)2ܿ ∆, (݌ = ൛(ݔ, (ݕ ∈ ߱ ∶ ൫ݑ௞,௟∆ݔ௞,௟  , ௞,௟൯ݕ∆௞,௟ݑ ∈ ൟ(݌)2ܿ

And

,ݑ)2ܿ° ∆, (݌  = ൛(ݔ, (ݕ  ∈ ߱ ∶ ൫ݑ௞ ,௟∆ݔ௞,௟  , ௞,௟൯ݕ∆௞,௟ݑ  ∈ ൟ(݌)2ܿ°

where ∆௨ݔ௞,௟ = ௞,௟ݔ௞,௟ݑ − ௞,௟ାଵݔ௞,௟ାଵݑ − ௞ାଵ,௟ݔ௞ାଵ,௟ݑ + ௞ାଵ,௟ାଵݔ௞ାଵ,௟ାଵݑ

∆௨ݕ௞,௟ = ௞,௟ݕ௞,௟ݑ − ௞ݑ ,௟ାଵݕ௞,௟ାଵ − ௞ାଵ,௟ݕ௞ାଵ,௟ݑ + ௞ାଵ,௟ାଵݕ௞ାଵ,௟ାଵݑ

݇ = 1,2, … , ݈ = 1,2, …

The double sequence spaces we define by using Asma sense  as the following:
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2݈ஶ(ݑ , ∆, ,ܯ (݌ = ൜(ݔ, (ݕ ∈ ߱ ∶ ݌ݑܵ ௞,௟ ൤ܯଵ ൬
ห௨ೖ,೗∆ ௫ೖ,೗ห

ఘ
൰ ଶܯ ∨ ൬

ห௨ೖ,೗∆ ௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
< ∞, ߩ ݁݉݋ݏ ݎ݋݂ >

0ൠ,

, ݑ)2ܿ ∆ , ,ܯ (݌ = ൜(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

൤ܯଵ ൬
ห௨ೖ,೗∆ ௫ೖ,೗ିℓభห

ఘ
൰ ଶܯ ∨ ൬

ห௨ೖ,೗∆ ௬ೖ,೗ିℓమห

ఘ
൰൨

௣ೖ,೗
= 0,

< ߩ ݁݉݋ݏ ݎ݋݂ 0 ℓଵ, ℓଶ  ∈ ℂൠ,

2ܿ଴ , ݑ) ∆ , ,ܯ (݌ =

൜(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

൤ܯଵ ൬
ห௨ೖ,೗∆ ௫ೖ,೗ห

ఘ
൰ ଶܯ ∨ ൬

ห௨ೖ,೗∆ ௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
= 0, < ߩ ݁݉݋ݏ ݎ݋݂ 0ൠ.

where ,ଵܯ ଶܯ is an Orlicz function , and ݑ ∈ ܷ

  In this study, we further generalize these space as follows :

 Let ଵܯ = ଵೖ,೗ܯ , ଶܯ = ଶೖ,೗ܯ  and ܯ = ௞,௟ܯ = ൫ܯଵೖ,೗ , ଶೖ,೗ܯ
൯ be  a  double  sequence  of  Orlicz

functions such that   be a double sequence space and ݊ be  appositive  integer  ,  and  using  the

notation ∆௨
௡ݔ௞,௟ for ௞,௟ݑ ∆௡ݔ௞,௟  and ∆௨

௡ݕ௞,௟  for ௞,௟  such thatݕ௞,௟∆௡ݑ ൫∆௨
௡ݔ௞,௟  , ∆௨

௡ݕ௞,௟ ൯ for

൫ݑ௞,௟∆௡ݔ௞,௟  , ௞,௟൯ we defineݕ௞,௟∆௡ݑ

2ܿ଴ ൫∆௨
௡ , ௞,௟ܯ , ,݌ ൯ݏ =

൜(ݔ, (ݕ ∈ ߱ ∶  lim
௞,௟→ஶ

(݈݇)ି௦ ൤ܯଵೖ,೗
൬

ห∆ೠ
೙௫ೖ,೗ห

ఘ
൰ ଶೖ,೗ܯ ∨

൬
ห∆ೠ

೙௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
= 0, < ߩ ݁݉݋ݏ ݎ݋݂ 0 , ݏ ≥ 0ൠ

2ܿ ൫∆௨
௡ , ௞,௟ܯ , ,݌ ൯ݏ = ൜(ݔ, (ݕ ∈ ߱ ∶  lim

௞,௟→ஶ
(݈݇)ି௦ ൤ܯଵೖ,೗

൬
ห∆ೠ

೙௫ೖ,೗ିℓభห

ఘ
൰ ∨ ଶೖ,೗ܯ

൬
ห∆ೠ

೙௬ೖ,೗ିℓమห

ఘ
൰൨

௣ೖ,೗
= 0,

< ߩ ݁݉݋ݏ ݎ݋݂ 0 , ℓଵ, ℓଶ ∈ ℂ , ݏ ≥ 0ൠ

2݈ஶ(∆௨
௡, ௞,௟ܯ , ,݌ (ݏ = ൜(ݔ, (ݕ ∈ ߱ ∶ ݌ݑܵ ௞,௟ (݈݇)ି௦ ൤ܯଵೖ,೗

൬
ห∆ೠ

೙௫ೖ,೗ห

ఘ
൰ ∨ ଶೖ,೗ܯ

൬
ห∆ೠ

೙௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
< ∞,

ߩ ݁݉݋ݏ ݎ݋݂ > 0, ݏ ≥ 0ൠ.

Where ∆௨
௡ݔ௞,௟ = ∆௨

௡ିଵݔ௞,௟ − ∆௨
௡ିଵݔ௞,௟ାଵ − ∆௨

௡ିଵݔ௞ାଵ,௟ − ∆௨
௡ିଵݔ௞ାଵ,௟ାଵ

∆௩
௡ݕ௞,௟ = ∆௨

௡ିଵݕ௞,௟ − ∆௨
௡ିଵݕ௞,௟ାଵ − ∆௨

௡ିଵݕ௞ାଵ,௟ − ∆௨
௡ିଵݕ௞ାଵ,௟ାଵ

Such that

∆௨
௡ݔ௞,௟ = ∑ ∑ (−1)௥భା௥మ௡

௥మୀ଴ ቀ
݊
ଵݎ

ቁ ቀ
݊
ଶݎ

ቁ௡
௥భୀ଴ ௞ା௥భݑ ,௟ା௥మݔ௞ା௥భ ,௟ା௥మ

∆௨
௡ݕ௞,௟ = ∑ ∑ (−1)௥భା௥మ௡

௥మୀ଴ ቀ
݊
ଵݎ

ቁ ቀ
݊
ଶݎ

ቁ௡
௥భୀ଴ ௞ା௥భݑ ,௟ା௥మ ௞ା௥భݕ ,௟ା௥మ

∆௨
଴ ௞,௟ݔ = ௞,௟  ,   ∆௨ݔ௞,௟ݑ

଴ ௞,௟ݕ = ௞,௟ݑ ௞,௟ݕ

∆௨ݔ௞,௟  = ௞,௟ݔ௞,௟ݑ − ௞,௟ାଵݔ௞,௟ାଵݑ − ௞ାଵ,௟ݔ௞ାଵ,௟ݑ + ௞ାଵ,௟ାଵݔ௞ାଵ,௟ାଵݑ

∆௨ݕ௞,௟  = ௞,௟ݕ௞,௟ݑ − ௞,௟ାଵݕ௞,௟ାଵݑ − ௞ାଵ,௟ݕ௞ାଵ,௟ݑ + ௞ାଵ,௟ାଵݕ௞ାଵ,௟ାଵݑ
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If ܯ = ௞,௟ such thatܯ ଵܯ = ଵೖ,೗ܯ , ଶܯ = ଶೖ,೗ܯ  for  all ݇, ݈, s = 0   and ݊ = 1, then these spaces

reduce to those of Asma idea.

It is easy to see that these spaces are paranormed space with ,ݔ)௨,௡ܩ (ݕ = ݂݅݊ ൝ߩ௣೘ ு⁄ > 0 ∶

ቈ݌ݑݏ௞,௟ ቈ(݈݇)ି௦ ൤ܯଵೖ,೗
൬

ห△ೠ
೙௫ೖ,೗ห

ఘ
൰ ∨ ଶೖ,೗ܯ

൬
ห△ೠ

೙௬ೖ,೗ห

ఘ
൰൨቉

௣ೖ,೗
቉

ଵ ு⁄

≤ 1ൡ

Such that

ݔ)௨,௡ܩ ) = ݂݅݊ ቊߩ௣೘ ு⁄ > 0 ∶ ൤݌ݑݏ௞,௟ ൤(݈݇)ି௦ܯଵೖ,೗
൬

ห△ೠ
೙௫ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
൨

ଵ ு⁄

≤ 1ቋ

ݕ)௨,௡ܩ ) = ݂݅݊ ቊߩ௣೘ ு⁄ > 0 ∶ ൤݌ݑݏ௞,௟ ൤(݈݇)ି௦ܯଶೖ,೗
൬

ห△ೠ
೙௬ೖ,೗ห

ఘ
൰൨

௣ೖ,೗
൨

ଵ ு⁄

≤ 1ቋ

where ܪ = max ൫1, ௞,௟൯݌௞,௟݌ݑݏ

Now, we prove the following  theorems

Theorem 2.1.2.4. ݈ஶ(∆௨
௡ , ௞,௟ܯ , ,݌ is complete paranormed space with(ݏ

,ݔ)௨,௡ܩ (ݕ = ݂݅݊ ൝ߩ௣೘ ு⁄ > 0 ∶ ቈ݌ݑݏ௞,௟ ቈ(݈݇)ି௦ ൤ܯଵೖ,೗
൬

ห△ೠ
೙௫ೖ,೗ห

ఘ
൰ ∨ ଶೖ,೗ܯ

൬
ห△ೠ

೙௬ೖ,೗ห

ఘ
൰൨቉

௣ೖ,೗
቉

ଵ ு⁄

≤ 1ൡ

Proof.  Let ௜ݔ) , ௜) beݕ  any  double  Cauchy  sequence  in   2 ݈ஶ(∆௨
௡ , ௞,௟ܯ , ,݌ where (ݏ ௜ݔ , ௜  beݕ  a

Cauchy  sequence  in ݈ஶ൫∆௨
௡ , ଵೖ,೗ܯ , ,݌ , ൯ݏ ݈ஶ൫∆௨

௡, ଶೖ,೗ܯ , ,݌ ൯ respectively. letݏ ,ݎ ,଴ݔ ଴ݕ > 0 be a fixed

,then for each ఢ
௥௫బ

> 0 , ఢ
௥ ௬బ

 > 0 we have ቀ ఢ
௥௫బ

, ఢ
௥ ௬బ

ቁ > (0,0)  there exists a positive integer such ܮ

that ௜ݔ)௨,௡ܩ − (௝ݔ < ఢ
௥௫బ

 and )௨,௡ܩ ௜ݕ − (௝ݕ < ఢ
௥ ௬బ

 ,  we have ௜ݔ)௨,௡ܩ − ௝ݔ , ௜ݕ − (௝ݕ < ቀ ఢ
௥௫బ

 , ఢ
௥௬బ

ቁ  ,

for all ݅, ݆ ≥ ܮ

Using the definition of paranormed ,we have

ቈܵ݌ݑ
௞,௟

 (݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ೖ,೗

೔ ି ∆ೠ
೙௫ೖ,೗

ೕ ቚ

ீೠ,೙(௫೔ି௫ೕ)
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ   ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

ீೠ,೙( ௬೔ି௬ೕ)
ቇ቉

௣ೖ,೗

቉
ଵ ு⁄

≤ 1, for all ݅, ݆ ≥ ܮ

Thus

൥ܵ݌ݑ
௞,௟

 (݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ(∆ೠ
೙௫ೖ,೗

೔ ି ∆ೠ
೙௫ೖ,೗

ೕ )ቚ

ீೠ,೙(௫೔ି௫ೕ)
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ   ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

ீೠ,೙( ௬೔ି௬ೕ)
ቇ቉൩

௣ೖ,೗

≤ 1, for all ݅, ݆ ≥ ܮ

Therefore  (݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ ೖ,೗

೔ ି ∆ೠ
೙௫ ೖ,೗

ೕ ቚ

ீೠ,೙(௫೔ି௫ೕ)
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ   ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

ீೠ,೙( ௬೔ି௬ೕ)
ቇ቉ ≤ 1  , for each ݇, ݈ ≥ 0  and for

all ݅, ݆ ≥ For .ܮ ݎ > 0 with (݈݇)ି௦ ቂܯଵೖ,೗
ቀ௥௫బ

ଶ
ቁ ∨ ଶೖ,೗ܯ

ቀ௥௬బ
ଶ

ቁቃ ≥ 1,
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we have

 (݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ ೖ,೗

೔ ି ∆ೠ
೙௫ ೖ,೗

ೕ ቚ

ீೠ,೙(௫೔ି௫ೕ)
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ  ∆ೠ

೙௬ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗
ೕ ቚ

ீೠ,೙( ௬೔ି௬ೕ)
ቇ቉ ≤ (݈݇)ି௦ ቂܯଵೖ,೗

ቀ௥௫బ
ଶ

ቁ ∨ ଶೖ,೗ܯ
ቀ௥ ௬బ

ଶ
ቁቃ. ..

This implies that

ห∆௨
௡ݔ ௞,௟

௜ −  ∆௨
௡ݔ ௞,௟

௝ ห ≤ ௥௫బ
ଶ

. ఢ
௥௫బ

 = ఢ
ଶ
  , ห ∆௨

௡ݕ௞,௟
௜ − ∆௨

௡ݕ௞,௟
௝ ห ≤ ௥ ௬బ

ଶ
 . ఢ

௥௬బ
= ఢ

ଶ
  we have

ห൫∆௨
௡ݔ ௞,௟

௜ −  ∆௨
௡ݔ ௞,௟

௝  , ∆௨
௡ݕ௞,௟

௜ − ∆௨
௡ݕ௞,௟

௝ ൯ห ≤ ቀ ௥௫బ
ଶ

, ௥௬బ
ଶ

ቁ . ቀ ఢ
௥௫బ

, ఢ
௥௬బ

ቁ = ቀఢ
ଶ

, ఢ
ଶ
ቁ.

Since ௞௟ݑ ≠ 0 for all ݇, ݈ ,  we  get  that ห∆௡ݔ ௞,௟
௜ − ∆௡ݔ ௞,௟

௝ ห ≤ ఢ
ଶ

 , ห ∆௡ݕ௞,௟
௜ −  ∆௡ݕ௞,௟

௝ ห ≤ ఢ
ଶ
 we have

ห൫∆௡ݔ ௞,௟
௜ −  ∆௡ݔ ௞,௟

௝  , ∆௡ݕ௞,௟
௜ − ∆௡ݕ௞,௟

௝ ൯ห ≤ ቀఢ
ଶ

 , ఢ
ଶ
ቁ ,  for  all ݅, ݆ ≥ ܮ . Hence ൫∆௡ݔ௞,௟

௜ , ∆௡ݕ௞,௟
௜ ൯ is a double

Cauchy  sequence  in  ℝ × ℝ .  Therefore   for  each ߳ (0 < ߳ < 1), there exists a positive integers

such that ܮ ห ∆௡ݔ ௞,௟
௜ − ∆௡ݔ ௞,௟

௝ ห < ߳ , ห ∆௡ݕ௞,௟
௜ −  ∆௡ݕ௞,௟

௝ ห < ߳ we  have ห൫ ∆௡ݔ ௞,௟
௜ −  ∆௡ݔ ௞,௟

௝  , ∆௡ݕ௞,௟
௜ −

 ∆௡ݕ௞,௟
௝ ൯ห < (߳ , ߳) , for all ݅, ݆ ≥ .ܮ

Now, using the continuity of ଵೖ,೗ܯ ଶೖ,೗ܯ for each ݇, ݈ ,we get that

቎݌ݑݏ௞,௟ஹ௅ ൥(݈݇)ି௦ ൥ܯଵೖ,೗
൭

ฬ∆ೠ
೙௫ ೖ,೗

೔ ି ୪୧୫
ೕ→ಮ

∆ೠ
೙௫ ೖ,೗

ೕ ฬ

ఘ
൱ ∨ ଶೖ,೗ܯ

൭
ฬ∆ೠ

೙௬ ೖ,೗
೔ ି ୪୧୫

ೕ→ಮ
∆ೠ

೙௬ ೖ,೗
ೕ ฬ

ఘ
൱൩ ൩

௣ೖ,೗

቏

ଵ ு⁄

≤ 1

Thus

ቈ݌ݑݏ௞,௟ஹ௅ ቈ(݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ ೖ,೗

೔ ି ∆ೠ
೙௫ ೖ,೗ቚ

ఘ
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ∆ೠ

೙௬ ೖ,೗
೔ ି ∆ೠ

೙௬ೖ,೗ቚ

ఘ
ቇ቉ ቉

௣ೖ,೗

቉
ଵ ு⁄

≤ 1

Take infimum of such ߩ ,ݏ  we have

inf ൝ρ௣೘ ு⁄ > 0 ∶ ቈ݌ݑݏ௞,௟ஹ௅ ቈ(݈݇)ି௦ ቈܯଵೖ,೗
ቆ

ቚ∆ೠ
೙௫ ೖ,೗

೔ ି ∆ೠ
೙௫ ೖ,೗ቚ

ఘ
ቇ ∨ ଶೖ,೗ܯ

ቆ
ቚ∆ೡ

೙௬ೖ,೗
೔ ି ∆ೡ

೙௬ ೖ,೗ቚ

ఘ
ቇ቉ ቉

௣ೖ,೗
቉

ଵ ுభ⁄

≤ 1ൡ ≤

߳ , for all ݅ ≥ and ܮ ݆ → ∞

Since ௜ݔ) , (௜ݕ ∈ 2݈ஶ(∆௨
௡, ௞௟ܯ , ,݌ and , (ݏ , ௞௟ is an Orlicz functionܯ ଵೖ,೗ܯ , ଶೖ,೗ܯ  is in Orlicz function,

for each ݇, ݈ and therefore continuous, we get that ,ݔ) (ݕ ∈ 2݈ஶ(∆௨
௡ , ௞௟ܯ , ,݌ (ݏ ◙

Theorem 2.1.2.5. Let  0 ≤ ௞,௟݌ ≤ ௞,௟ݍ < ∞,  and  for  all ݇, ݈ .  Then   2ܿ଴(∆௨
௡ , ௞,௟ܯ , ݌ , (ݏ ⊆

2ܿ଴(∆௨
௡ , ௞,௟ܯ , ݍ , (ݏ

Proof. Let ,ݔ)  (ݕ ∈ 2ܿ଴(∆௨
௡ , ௞,௟ܯ , ݌ , Then there exists some .(ݏ ߩ > 0 such that

lim
௞,௟→ஶ

(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀ ห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ

௣ೖ,೗
= 0

This implies that
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(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀ ห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ

௣ೖ,೗
≤ 1 ,

for sufficiently large ݇, ݈ since ଵೖ,೗ܯ  , ଶೖ,೗ܯ  is anon decreasing for each ݇, ݈ . Hence

lim
௞,௟→ஶ

ቈ(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ቉

௤ೖ,೗

≤

lim
௞,௟→ஶ

ቈ(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ቉

௣ೖ,೗

= 0

That is ,ݔ) (ݕ ∈ 2ܿ଴൫∆௨
௡ , ௞,௟ܯ , ,ݍ ◙൯ݏ

Theorem 2.1.2.6. i) Let 0 < inf ௞,௟݌ ≤ ௞,௟݌ ≤ 1. Then 2 ܿ଴(∆௨
௡ , ௞,௟ܯ , ,݌ (ݏ ⊆ 2ܿ଴(∆௨

௡, ௞,௟ܯ , (ݏ

ii)  Let  1 ≤ ௞,௟݌ ≤ sup ௞,௟݌ < ∞ . Then, 2ܿ଴൫∆௨
௡ , ௞,௟ܯ , ൯ݏ ⊆ 2ܿ଴൫∆௨

௡, ௞,௟ܯ , ,݌ ൯ݏ

proof. Let (ݔ, (ݕ ∈ 2ܿ଴(∆௨
௡ , ௞,௟ܯ , ,݌ Then lim .(ݏ

௞,௟→ஶ
ቈ(݈݇)ି௦ ቂܯଵೖ,೗

ቀห∆ೠ
೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ቉

௣ೖ,೗
= 0

Since  0 < inf ௞,௟݌ ≤ ௞,௟݌ ≤ 1 , we have

lim
௞,௟→ஶ

(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ ≤

lim
௞,௟→ஶ

ቈቈ(݈݇)ି௦ ቂܯଵೖ,೗ ቀห∆ೠ
೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ ቀห∆ೠ

೙௬ೖ,೗ห

ఘ
ቁቃ቉

௣ೖ,೗

቉ = 0

That is (ݔ, (ݕ ∈ 2ܿ଴(∆௨
௡ , ௞,௟ܯ , (ݏ

ii)  1 ≤ ௞,௟݌   for  each ݇, ݈ and sup ௞,௟݌  < ∞. let ,ݔ) (ݕ ∈ 2 ܿ଴൫∆௨
௡ , ௞,௟ܯ , ൯ , then for eachݏ

߳ (0 < ߳ < 1), there exists a positive integer such that ܮ

(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ ≤ ϵ , for all ݇, ݈ ≥ ܮ

Since 1 ≤ ௞,௟݌ ≤ sup ௞,௟݌ < ∞, we have

lim
௞,௟→ஶ

ቂ(݈݇)ି௦ ቂܯଵೖ,೗
ቀห∆ೠ

೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ ቃ

௣ೖ,೗
≤ lim

௞,௟→ஶ
(݈݇)ି௦ ቂܯଵೖ,೗

ቀห∆ೠ
೙௫ೖ,೗ห

ఘ
ቁ ∨ ଶೖ,೗ܯ

ቀห∆ೠ
೙௬ೖ,೗ห

ఘ
ቁቃ ≤

߳ < 1

,ݔ) (ݕ ∈ 2ܿ଴(∆௨
௡ , ௞,௟ܯ , ,݌ (ݏ ◙
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