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Abstract :
The idea of difference sequence spaces was introduced by kizmaz [4], and this concept

was generalized by Malkowsky [8]. Recently, Asma [1] defined the sequence spaces as
couw, A, M ,p),c(u,A M ,p),and l,(u,A,M,p)
Throughout this study w is a family of all C* double sequence (i.e.x = x;; and y =y, , are
complex double sequence ), w denote the family of all C double sequences, and 2[.,2c and 2c¢-
be the linear spaces of bounded, convergent, and null sequences with complex terms,
respectively, normed by

lCe, Il = Supk,l(lxk,lla |yk,l|)
Where [lxl = supy; x|, Iyl = supg,|vii| . k. 1 € N, the set of positive integers .

Key Words : double sequence ,Orlicz function
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Definition and notation :

In this work we define the double sequence spaces 2c, (A%, My ;,p,s), 2c (A%, My, p,s) and

21, (A%, My 1.p.s) . where M(x,y) = (M, (), M, () = (M, (0). My, () = My, (x.y) where
M, = M1k,,'Mz = Mzk,z and M = M, , are a double sequences an Orlicz function, and examine
some inclusion relation and properties of these spaces which will give as a special case the
spaces ¢, (u,A, M, p), c(u,A,M,p) and ., (u, A, M,p) of Asma[ ].

The convergence of double sequence we mean the convergence on the Pringsheim sense
that is,
Definition. A double sequence x = x;;, ¥ =y, has Pringsheim limit £; ,£, denoted by (p —

limx =4, ,p—limy = ¢,) provided that given ¢ > 0 there exists N € N such that |xkvl — {’1| <
€, |yrs — €2] <€ implies that |(x,; — €,y — £2)| < (e,€) whenever k,1 > N. We shall
describe such an x = x; ,y = y,; more briefly as "P —convergent”. We shall denote the space of

all P —convergent sequences by 2c .
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Defintion. The double sequence x = x,;, ¥ = y,; is bounded if and only if there exists a positive

number M such that x;; <M ,y,, <M we have (xk_l,yk_l) < (M, M) for all k,1, i.e. if |lxl|lo =

supi || Nylle = supiy |y | implies that [[Ge, ¥) oo wy = supi(|xe . [yi2]) We shall denote

all bounded double sequences by 21, .

Definition, A double sequence x = x;,;, ¥ = y;, are said to be Cauchy sequence if for every e >
Other exist N € N such that |x;; — x| < €, |yi; — yi:| < € impels that|(x; ; — x, ¥ij — Yier)|
< (e,e).

For any double sequence x = x;.;,¥ = ¥y such that (x,y) = (xk_l,yk_l) the difference of a

double sequence (Ax, Ay) is define by

(Ax,8y) = (Ax kU’ Ayk,z)klzl = (xk,l = Xpu+1 ~ Xpard t Xperri41 0 Vil — Yitrr ~ Yer1a T

)OO
YVievr1+1)y 4

© ©
Ax = (Ax k'l)k,l=1 = (Xier = Xure1 = Xewrs + xk+1,l+1)k'l=1 ;

[oe]

Ay = (Ayk_l) = (Yt = Viis1 — Yerna + yk+1,l+1):l=1

According to kizmaz sense we define the double sequence spaces as follows :

2l (A) ={(x,y) € w: (Ax,Ay) € 21}

2¢ (&) ={(x,y) € w : (Ax,Ay) € 2¢}

2¢o(8) ={(x,y) € w : (Ax,Ay) € 2¢o}

where 21, (4) = (1, (Ax), L, (4y)), 2 c() = (c (Ax), c (Ay)) ,2¢,(A) = (co(Ax), o (AY))

Let U be the set of all double sequence u = u;,; suchthat u,, #0 (k=1,2..),(1=12,..)

kl=1

We define a double sequence spaces in Malkowsky sense as follows:
21, (w, A) = {(x,y) € w : (Ax,Ay) € 2.}

2¢ (u,A) ={(x,y) € w: (Ax,Ay) € 2¢}

2¢o(w, A) ={(x,y) € w : (Ax,Ay) € 2¢,}

where 21, (u,A) = (loo(u, Ax), L. (u ,Ay)),Zc(A) = (c (u,Ax),c (u, Ay))

12¢0(8) = (co(u, Ax), co(u, Ay))

Definition : A double Orlicz function is a function

M: [0, ) x [0,00) - [0,00) X [0, ) such that

M(x,y) = (M, (x), My(y))

M;: [0, ) - [0, )

M,: [0, ) — [0, ) , where M;, M, are Orlicz functions

which is continuous, non-decreasing ,even , convex and satisfies the following conditions

i) M(0,0) =(0,0)

iDM; (x) > 0,M,(y) > 0= M(x,y) = (Ml(x), Mz(y)) > (0,0) for x >0,y >0we mean by
M(x,y) > (0,0) that M,(x) > 0,M,(y)> 0

i) M;(x) > O,M,(y) > Oasx — o, y - oo, then M(x,y) > o

Definition : An Orlicz function M is said to satisfy the A, — condition for all values of § if there exist
aconstant K > 0 such that

M(28)< KM(58) . 6§ >0

equivalently,
M(h &) < K hM(8)for every values of § and fors > 1
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Now ,we use the idea of Orlicz function to define what is called an Orlicz double sequence space,

by means of Lindenstrauss and Tzafriri sense as follows :
= Ly g (9] el
= {(x,y) SHARD A Yt [Ml( P )VMZ( p )] < o, for somp > O}

where 21y, = (Ly,. i, ) Such that

ey = {x e w: 27, 32 My (22) < oo, for som p > 0}

and

by ={y € w: Sp, 5, M, ('y’”') < oo, for somp >0}

which is a Banach space with the norm;

1) = inf { p =03 X7, X2z, sup [ () v b (220)] < 1
where

hxi,,= inf {p >0 27, 32, my (224)

IN

1)
1y1,,= inf{p >0: 5,32, M, (22) <1

According to the concept of Mursuleen et al [ ],we can define The double sequence spaces as

IN

follows :

21,.(a M) = {(x, ¥) € w:supy, [M1 ('xz‘ll) vV M, (ly—l’jl')] < oo, for somep > O},

2c(AM) = {(x,y) € w: klliLnoo [M1 (M) vV M, (M)] 0, forsomep >0,4,,¢, € (C} ,
and

2¢,(AM) = {(x,y) € w: lim [M1 (le'”') vV M, ('Ay’”|)] 0, for somep>0}

k1>
where M = (Ml(x),M2 (y)) is an Orlicz function, and we show that these spaces are Banach

spaces with the norm

I (x,9) ly =inf {p >0 : supy, [M1 (lekll)VM2 (@)] < l}

Ilxly=inf {p >0t sup,,M, (I a;k‘ll) <1
1y s =inf {p >0 sup,M, (|A;;k‘l|) <1)

In Asma sense, also we can define and study the double sequence spaces as follows :

21, (u,AM) = {(x,y) € W : Supy, [M1 (M) vV M, ('ukl’#’”')] < oo, forsomep > 0 }

2c(u,A M) = {(x,y) € w: kl;Lnoo [M1 (W) vV M, (W)] =0, forsomep >

0.6,,6,€C},
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2c0(u, AM) = { (xy)€E w: klliLnoo [Ml (|uk‘lﬁxk‘l|) Vv M, (|U-k‘lj3’k‘l|)] =0, for some p > O} .

In this study we further generalize these spaces as follows :
Let M, =M, ,, M,=M, , and M =M, = (M,,,,M,,,) be a double sequence of Orlicz
functions and n be a positive integer, so, we use the notation Afjx,; for w, ;A"x;,; , ALy, for

Uy A"y, such that (Ax,.;, A%y, for (we Ay, w A%y, ) e define

260 (8, M 8) = {y) € w: fim () [my,, (B2 ) v gy, (B2)] = 0, for some p >

0,520},

2¢ (8, My1.8) = {Gy) € s Jim () [y, (M=l Yy, (R = o

forsomep >0,¢,,¢, €C,s 20},

and

21, (A} \Myy,8) = { (x,y) € w: supy, (k)™ [Mlk‘l (IM:M' ) VM, (@)] < o,

forsomep >0,s 20}.

where

n — n-—1 n—-1 n—-1 n—-1

Alxiy = A g — AT g 141 — AL Xpeqq g + AL Xpegq 141 5 AN
n — n—-1 n—1 n—-1 n—-1

AuYir = AW Yy — AL Vkier — AL Viarn T AW Vi 1041

_ -1 -1 -1 -1 -1
We have (Aﬁxk,l:Aﬁ)’k,l) = (Aﬁ Xy — AL Xpe1r — AL Xpwnr AL Xpr i1 AL Viy —

A Y1 — A Yk Aﬁ_13’k+1,1+1)

such that

n — y'n n T+ n n
Auxk,l - 2r1=o Zrzzo (_l) e (T1) (rz)uk+r1 ,l+r2xk+r1,l+r2 ,and

n —yn n r+r, (N[N
Aqu,l - Zr1=0 Zrzzo (_1) e (r )(rz)uk+r1,l+rZYk+r1,l+rz

1

We have (Agxk,lﬂAZYk,l) = QF 20 Zh o (1)t (Z) (:;) Uk sry 141y Xktry L4750

n n ™ +T7" n n
r1=0 ZrZ:O (_1) e (H) (Tz) uk+r1,l+r2yk+r1,l+r2)
Axp; = up X, A2 =u
uXk,l k1 Xk 1 BuYk,l K1Ykl
0 0 —
hence (Auxk,l' Aqu,l) = (uk,lxk,lruk,lyk,l)

AyXpy = UpgXer — W1 Xneie1r — Ukt %k+10 + Uer 1141 Xk41041

and

AyYir = Wi Vit — Uk ie1Vii+1 — Uke1iVie1n T Werti01 Y1041
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implies that
(Auxk,l 'Auyk,l) = (uk,lxk,l = U1 Xpi+1 — Ukt 10 %410 T Ukt 141 X+ 1,041+ Uk i Vil —

Wer+1Viet+1 — Wer11 Vi1t F Wer 141V k+1,041)

If Mlk‘l ,Mzk‘l =M, , M, respectively forall k,l ands=0,n = 1, then these spaces reduce to

those of Asma sense [1]

Main results 2.2:
We prove the following theorems :

Theorem 2.1.2.1. 21, (A}, My, ,s) isaBanach space with the norm

Gy = inf { p > 0t supy. (e) [My,, (@) V My ('M‘%‘l')] <1}

where

llx|lan = inf { p>0:supy, (kD)M,,, (M’%‘l') < 1}

_ . - [A% vl
lyllan = lnf{p >0 : supy (kD)™ My, , (T) < l}
Proof. Let (x',y") be any double Cauchy sequence in 2l (A%}, M, ,s), such that x* and y* be a

Cauchy sequence in lw(Aﬁ,Mlkl 'S), lw(Aﬁ,Mzkl ,S) respectively where

(' ¥y = (xhy vi) = ((xi'yl,yi'yl) ,(xéyz,yéyz),...) € 2l,,(A" My, ,s), for each i €N . Let

.%o ,¥o > 0 be fixed, Then for each i >0 % > 0 we have (ii) > (0,0) there exists a
0 0 0 0

positive integers L such that
iyl <5 yi_yi =
xt—x/pn <er v Y Y <ry0 , we have
Ly AR i — AR £ £ i
(i — XAyt —yIiAn) <(er y) foralli,j > L.
Using the definition of norm, we have

Altxh - ATt ATyl - ATyl
Sup,_ (k)™ [Mlkl (%)v M,,, (M)] <1 foralli,j =L

i_
A% Y

Thus

Altxl - ATt ATyl - any!
(k1)™ [Mlkl ('x".l—.x’”‘>vzwzkl (Mﬂ <1, forall k,120,forall k>0, and for

J i)
xt-x Y-y
Y3 Y3

all i, j > L.

Therefore one can find that there exists r > 0 with

(k)—s [Mlk‘l (rzﬁ) VM, (%)] > 1, such that

Altxl —Aﬁxj ALy, —Aﬁyj _
= [Mlkl <| xkil j . ) Y Mo (| yk"‘l v kJ)] = (k)7 [Mlk‘l (mzc_o) V Mz, (%)]
ATL

~ g ~an

This implies that
rXg € Yo _€
2 'r

nyi _ AnaJ _€ _€ noi  _ oanaJ € _ €
|Auxk,l Auxy,| < 2 'rxo_zrlAuyk,l AuJ’leS Yo 2 we have

Nyl _ AN, AnNE ANy TX _€ TYo € )_(£°€
|(Auxk,l AuxkyllAuyk,l Auyk,l)ls( 2 rxp 2 'ryo)_(z’z
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Since w,, # 0 for all k, 1, we get that |A™xf, — A"x] | << and [A"yf, — Ay | << we have
|(anxt, — Anx), vk, — Ay )] < G g) for all i,j >L. Hence A"x}, ,A"yL, is a Cauchy
sequence in R such that (A"x,‘;yl ,A"y,‘;yl) isadouble Cauchy sequence inR x R

Therefore for each € (0 < € < 1), there exists a positive integer L such that |A"x,iyl — A'xy, | <
€ and [A"y}, — AMy,,| <€ wehave |(A"xL, — A"x,,, AMyL, — Ay, ) | < (e .€) foralli > L.

Now, using the continuity of My, ,, M, foreach k,!, we get that

|Aﬁx,i(l— lim Aﬁxl{l| |Aﬁy,icl— lim Aﬁ)’i l|
s v joo0 + b jooo ]
_— _— <
SukaZZL(kl) [Mlk,l < P VM, P <

Thus

_ |A3xlic‘l_ Aﬁxk‘l‘ |Aﬁylic‘l_ Aﬁyk‘l‘
SupkvlzL(kl) s [Mlkl <—p )V Mzk‘l <—p <1

Taking infimum of such p's we have

. ) _ |afixk - Ax | |A2vk,- A8y

inf {p >0: SupkylzL(kl) $ [Mlkl (+>VMZM <f <1li<e for all
i =Landj - o

Since (x,y") € 21,,(A% My, ,s), and M, ,, M, be an Orlicz function then M, , = (M,,, My, ,)

is an Orlicz function for each k, [ and there for continuous, we get that (x, y) € 2, (A} M, s) @

Theorem 2.1.2.2. Let M;,; be a double sequence of Orlicz functions where M, = (Mlk‘l,Mzk‘l)
which means that My, My, a double sequence of Orlicz function so ,it satisfies the
A, —condition for each k, 1. Then

) 20, (A7,S) C 2lo (AT, My, s)

i) 2c(ar,s) c 2c(An, My,,s)

) 2¢(A%,s) © 2¢o(A?, My,,s)

Proof. i) Let (x,y) € 2l,(A%,s), Then |(Alx,, ,Ay,,)| < (Ly,L,) such that |AZx,,| < L, and

|Aﬁyk,l| <L, forallk,!,and L, L, be apositive integer .Therefore

(kD)—s [Mlk,l (Mp%ll) V My, (M)] < (kD7 [Mlk‘l (%1 ) v My, (L_2 )] =

p p
(kD™ .K.h[ M, (L) VM,  (L,)], foreachk,l,

by the A, —condition. Hence

supy,, (kD5 [My,, (Mz%u)szm (@)] < coThatis, 2L, (A%,S) C 21, (A%, My,,5) ®

(ii) and (iii) can be proved in a similar way .
Theorem 21.2.3. Let M, be a double sequence of Orlicz functions we have M,, ,, M,, be a

double sequence of Orlicz function
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) 21, (A%, My, s) C 2lop (A%, My, 5),

) 2c(A%, My, s) € 2¢(AT, My, s),

D) 2co(A%, My, 8) € 2¢o(A7, My, 5).
Proof :itis clear

2.3 Paranormed sequence spaces

Let p = p,, be a double sequence of positive real numbers. Then we can define a double

sequence spaces in Mursaleen et al sense [8] as the follows:

|2 x|
p

Pkl
2, (A M, p) = {(x,y) Ew:Sup ki [Ml ( )V M, <|A3;k‘l|)] < oo, for somep > O},

— _ Pkl
2 Mp)=fcy)ew: Jim [m, (B2 )y, (D™ <0 for some p > 0,0,,0, €
g
And
. 4 x| |8y [\ ]P%
2¢c, (A M, p) = {(x,y) Ew: kl;m [M1 <T) vV M, <T)] =0, for somep > O}

Where M is an Orlicz function such that M,, M, is Orlicz function , we showed that these spaces

are paranormed spaces with:

6((x,y)) = inf{ppm/*' > 0|5, (2224 v o (%)]H/ < 1},

such that

. |82 1] TPk L/H
G(x) = inf{pPm/H > Q: [[Sup k,zM1< = )] ] <1

. Ayl \TPkt 1/H
G(y) = inf{pPm/d > Q; [[Sup k,zMz< . )] ] <1

where H = max (1, sup, ,p,,).

Let U be the set of all double sequence spaces u = u;, such that w,, #0 (k=
1,2,.),(l=12..)
The double sequence spaces in Asma and Colak sense we can defined
21, (w,A,p) ={(x,y) € @ : (W Axpy, W Ayr,) € 2L, ()}
2c(u,A,p) = {(x,y) € w: (we Axpey W Ay, ) € 2¢(p)}
And
2c.(w,Ap) ={(x,y) € w: (we Axye; , we Ayiy) € 2¢.(p)}

where Ayxp; = U Xy = Urge1Xiie1 — Uka1,0%%r10 + U141 Xk41,041

AuYig = W Vir = U e1Viier — Uka1 Vs T Uerri41Vi+ 1,041
k=12,.,1=12,..

The double sequence spaces we define by using Asma sense as the following:
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Pkl
2l (u,A, M, p) = {(x, y) Ew : Sup L [M1 <M) vV M, <|ukli+kll)] < o, for some p >

o},
Uk, A Xk,z—f’1|)

- Pk,1
2¢(u, A, M, p) ={(x,y) cw: lim [M1 (' L el "2')] =0,

v M, < p
for somep >04,,¢, € (C},

2¢co (w,A M, p) =

{(x,y) Ew: k!liLr]OO [M1 <|uk'lf+k'l|) vV M, <|uk'li+k'll)]pk'l =0, for somep > O}.

where M;, M, is an Orlicz function ,and u € U

In this study, we further generalize these space as follows :
Let M, =M, ,, My=M,,, and M =M, = (M, ,M,,,) be a double sequence of Orlicz
functions such that be a double sequence space and n be appositive integer , and using the
notation Anx,, for wg,A"x,, and Aly,, for w,,A"y,, such that (Ax,, ,Ay,,) for
(we Ay Ui Ay, ) We define

2¢q (Aﬁ'Mk,l'p' 5) =

n n Dk,1
{(x,y) Ew: k|liLnoo(kl)_s [Mlk,l <@) V My, <|Aup%ll)] =0, for somep >0,s> O}

. _ [A%xy, 4] [A% Yy 22| Pll
26 (84 Meuprs) = {0 € fim G0 [, (B2 v, (B o

for somep >0,¢,,¢, €C,s 20}

n _ X _s [ATixg | [A%y ] Piel
21, (A%, My, p,8) = 1(x,y) € w : Sup (ki) M, > VM, — < oo,

for somep>0,s > O}.

n — n-1 n-1 n-1 n-1
Where Alx;, = AL X — Ay X iq — A0 Xpeq 1 — AL Xpgg 141

Ayir = A Yir — A Wirer — AL Wk — A Wia 1141
Such that

n n
n —yn n 1473
Auxk_l - Zr1=0 Zr2=0(_l) 1z (7‘1) (rz) uk+r1,l+r2xk+r1 A4y

ny/n
n —_— n n 1 +7;
Au.’yk,l — 4r;=0 Zr2=0(_l) R (7’1) (rz) Uptry 141, Vitr 147
0 _ 0 _
AuXpyr = WXy DuYir = Ui Vi
AyXpy = Ui Xpr — Wi ia1 Xi 101 — Ukt 1,1 %k 1,0 T Ukt 1,141 Xk+1,141

AyYrr = WiVir — Wieie1Viie1 — Uk, Va1l T Uk 1101 Vie+ 1,041
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If M = My, such thatM; = M,, ,,M, =M, for all k,[,s=0 and n=1, then these spaces

reduce to those of Asma idea.

It is easy to see that these spaces are paranormed space with G, ,(x,y) = inf !p”m/H >0:

|A"’ | |An | pkl VH
uX uY '
[supkyl [(kl)‘s [Mlk‘l (—pk‘l )V My, <—pk‘l )” ] < l}

Such that

IN
'_\

Gyp(x) = inf {Ppm/H >0: [supk,l [(kl)_st <|Aﬁjk‘l| )]pkl]l/H }

IN
'_\

where H = max (l,Squ,lpk,z)

Now, we prove the following theorems

Theorem 2.1.2.4. [, (A}, My, p, s)is complete paranormed space with

n n pk‘l L/H
Gun(x,y) = inf !pl’m/H >0: [supkl [(kl)_s I:Mlk‘l ('Au:k‘l| ) vV My, <—|Au;/kl|)]] ]

Proof. Let (x',y") be any double Cauchy sequence in 2l (A", M, p,s) where x' y' be a

Cauchy sequence in i (AR, M, ,.p.5) , lo(AR M, ,,p.s) respectively. let r,xo,y, > 0 be a fixed

then for each =— > 0,—= > 0 we have (ii) > (0,0) there exists a positive integer L such
X Ty rXo T Yo

0 0

that Gy, (x' — x/) < == and Gy ( ¥ —y7) < ==, we have G, ,(x' —x/,y' —y/) < (
' TXo ' Yo '

foralli,j =L

Using the definition of paranormed ,we have

1/H
Gu‘n(xi_xj) Gun( yi_yj)

Thus

Gu‘n(xi_xj) Gu‘n( yi_yj)

Gu‘n(xi_xj) Gu‘n( yi_yj)

- - : i i j Dkl
- Afixj— A, Ayii— Ay, ‘ ;o
s 0o (5220, (LT 2 e

r - . . . . P
(fixf A sivie sl \| [
Sup, (k)™ |My,, <| Hel” Zuiy ‘) VM, <| Vel 2 ’”‘)” <1 foralli,j =L

€ €
- - 1

rxo Vo

ATtk - ARy ATyl - ay)
Therefore (ki)~* [Mlkl <M>V M, , <M>] <1 ,foreach k,[ >0 and for

alli,j > L.Forr > Owith (k) [My,, (22 ) vy, (22)] 2 1,

2 2
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we have

_ ‘Aﬁxik‘l— Aﬁxj‘ ‘ ‘ Aﬁy,ic‘l— Aﬁyj‘ ‘ _
Gy o, () v, (LA < - o, (22) v o, (2]

This implies that

Nai X € n j T Yo € __ €
|anxt, — AZx), |<_E | Ayl — Auykyl|ST.r—y0— ~ we have

e - e aioti- el = (5229 (5 5)= ()

TXo TYo

Since w, # Ofor all kI, we get that [A"xi, — Amx), | <S . |A"yf, — Amy] | < < we have
|(amxi,, — Anxg,, AryE, — ATy) )] < G 2) ,for all i,j > L .Hence (A"x},, A"y%,) is a double
Cauchy sequence in R x R . Therefore for each € (0 < e < 1), there exists a positive integers
Lsuch that | A"x%, — A"xj,;yl |<e,|amyL, — A"y,{yl| <€ we have |( A", — A"x’,lcyl , Ay, —

An)’;{,z)| < (e,e),foralli,j > L.

Now, using the continuity of M, M, for each k, [ ,we get that

; ; ; ; Pl
Nyl _ 7 n,.J nolo 1 n.,J
D I T T A T S
Supk,lZL 1k‘l p \ Zk‘l p

Thus

. Pkl
) Al = Atx Auykl ALYk
[Supk,lzL [(kl) s [Mlk‘l (% ) v Mzk‘l <| ‘>] ] ]

Take infimum of such p's we have

1/H;
A% A% Y Y fel
inf[ppm/H >0: [Supk,lzL [(kl)_s [Mlkl (M) MZkl <M)] ] ] < 1} <

e, foralli > Landj — oo

IN
'_\

1/H

Since (x,y!) € 21, (A%, M,;,p.s) , and M, is an Orlicz function My, My, is in Orlicz function,

for each k, I and therefore continuous, we get that (x,y) € 21, (A", M,;,p,s) ®

Theorem 2125. let 0<p,, <qy; <o, and for allk,l . Then 2¢,(A} M, p,s) S
2¢o (A4, My1,q ,5)

Proof. Let (x,y) € 2co(A}, My, p,s). Then there exists some p>0 such that

Dk,

i G~ [, (52 ) vy, (B2 =0

This implies that
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- [A% gl [A%y NP
(kD)™ [Mlk‘l ( P )VMZk‘l (T)] =1,
for sufficiently large k, [ since M, , My, is anon decreasing for each k, [ . Hence

kl,ziLnOO [(kl)—s [Mlk‘l (|A$:k‘l|) VM, (|A3:,kl|)]]%l S

Dkl

. _ [A% x| (Al _
Jim [(kl) *[m,,, (—p 2% (—p )]] =0
Thatis (x,y) € ZCO(Aﬁ,Mle, q,5)®
Theorem 21.2.6.1) Let0 < infp, , < p; < 1. Then 2 ¢y (A}, My, p,s) S 2¢, (A}, My, S)

i) Letl <p,, <supp,, <o .Then, ZCO(AZ,MM,S) c ZCO(AZ,Mk,z,P, s)

14
. _ [Afx| [RZTIAY | B
Proof. Let (x,y) € 2cy(A%, My1,p,s). Then lim [(kl) *[my,, ( ; v M, ( . )]] =0

Since 0 <infp,, <p,, <1,wehave

lim (kD)=* [Mlk‘l (Mﬁpi‘l')VMzk‘l (MQ’#)] =

k,l-00

k!liglo H(kl)—s [Mlk‘l ('Agzk‘ﬂ) \% MZk‘l (@)]rkl] -

That is (x,y) € 2¢o(A%, My, s)

i) 1<p,, for each k,land sup p,, <oo. let (x,y) € 2 ¢co(A%, My, 5), then for each

€ (0 < e < 1), there exists a positive integer L such that

WD~ [y, (H2) vy, (B280)] < ¢ foraiii,t > 1

Since1 <p,, <supp,, < %, we have

Jim [0~ [y, (B v gy, (P4 < i s o, () v, (B8] <

e<l1

(x,y) € 2¢4(A7, My 1,p,5) ®
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